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STEP Muthermaties ITI 2005: Hints and Answers

Section A: Pure Mathematics

T
1 To prove the first part, use the results: cos 3 = sin (E = B), whatever the value of B; and
sinAd =sinY A=Y +2nror A=7-Y + 2nn;
T &
thus here, replacing ¥ by 9~ B, A=12nw+ 5 + B.
For the next part, it is probably sasiest to use the fact that asinz 4 beosa can be written in
the form IRsin{x £ «); here,
0 . ™ . T . T
sinz +cosz = V2 (sm:r. cos - + coszsin Z) = +/2sin (35 + 1)
so [sinz + cos x| € V2.
Now, from the first part,
0 . 7"
sin (sin 2} = cos (cosz) & sinz = 2nw + 5‘ +cosz

80

w T
Isine £ cosz| = ’27171'—5— 5‘ = 0 > V2,

which is o contradiction.

All the curves asked for have period 2w, so they will be sketched for z in this range only.

For y = sin(sina), ¥ = 0 when sinz = 0 only (since |sinz| < «), so at 0, 7 and 2x; the

w
—, or when

2
cos (sinz) = 0,which is impossible since |sinz| < T; the turning points are a maximum at

5 . . 5 ¢
turning points are at coswcos (sinx) = 0, so when cosz = 0, that is at x = 5

3
(g-, Sin(l)) and a minimum at (—; . Sin(l))1 where sin{1) ~ 0-84.

. ™ \ .
For 4 = cos(cosr), y > 0 for all «, since |cosz| € 1 < > the turning points are at
. . . . . T 3w
sinzsin (cosx} = 0, so when either sinr = 0 or cosz = 0, that is at x = 0, E,ﬂ', 7,271’; the

T 3
turning points arc maxima at (% 1) and (?ﬁ , 1). and minima at (0, cos(1)}, (7, cos(1)),
{2n. cos(1}), where cos(1) & 0-54.

y = cos(cosz)

y = sin{sinx)
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For the curve y = sin(2sinz), y = 0 if 2sinz is a multiple of 7, which is only possible if
sinz = O (since |2sinz| < 7), so when z is 0, 7 and 2m; the turning points are at
™

5,;, or when 2sinz is an
odd multiple of z, which is only possible if 2sinz = ig, so when sinz = g ~ +0.8; the

2coszcos(2sinz) = 0; so when cosz = 0, that is at z =

turning points are a minimum at (— , sin 2), where sin 2 & 0-91 and maxima either side of

. 3m . . . . . .
this, with y-coordinates 1 and a maximum at (7, —sin 2) with minima either side with

y-coordinates —1.

T y = sin(2sinz)
T 2w
14
2 This equation can be solved by separating the variables:
2dy 2z dx 2 2, 2 2,2, 2 2
/ ; _7/1'2—!—(12 so In(y*)=—-In(z*+a*)+k or y*(z°+a*)=c

The curve has two branches: one has y > 0, reflection symmetry about the y-axis, a maximum

at (O, E) and y — 0 as |z| — oo; the other has y < 0 and is a reflection of the first branch
a

in the z-axis.

d, 5 o dy 21y? 2zc?

_ = — 2 —_—= — = _——

dz (" +y’) =22 Yiz 2z 24+a2 (22 + a?)2

d2 2 /2 4 2, ) 2 2]
—2(x2+y2):2— 2('22+ 26 z _of1- c 5 8cz
dz (z2 +a2)2 (22 +a2)3 (2% + a?)? (22 + a2)3
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d
(1) d—( 2+ 4?) = 0 when = = 0 and when ¢ = (2% + a?)?, but the latter is not possible if
T
d2 2
O<c<a® Ifz=0,y= +5 and ﬂ(m2+y2) = 1—c—4 which is positive if 0 < ¢ < a?,
a z a
indicating a local minimum. Hence the points on the curve whose distance from the
origin is least are (0, :t£>.
a

d? e .
(ii) If ¢ > a? then F(ﬂ +¢?) is negative at z = 0, indicating a local maximum there; but
T

in this case there are further stationary points at 22 = ¢ — a?, y = £+/¢ and at these

d? 822 . .
points a—g(mQ +y?) = — > 0. Hence the points on the curve whose distance from the
T

c
origin is least are (£vc —a?, £+/c).

3 Direct substitution gives
f(g(z)) = (@* +rz+ ) +p(a’ +rz+5)+q

=zt 2ra® + (P24 25+ )2 + 2rs+rp)z + 2+ ps+q.

If 2* + az® + bz? + cx + d is to have this form then it is necessary to choose r = % and to
2
choose s and p to satisfy 2s +p = b—1r2 = b — az and 7(2s + p) = ¢ or a(2s + p) = 2c.
2
Thus a (b - az) = 2c¢ is a necessary condition for this to be possible.

—a?

It is also sufficient: in fact, pick p = 0; then s = and ¢ = d — 5% will do.

Expanding the second form gives
(2® + vz +w)? — k = 2t + 2023 + (v + 2w)2? + 2wz + w? — k,

but this is identical to z# + 2rz® 4+ (r? + 2s + p)z? + (2rs + rp)z + 5% + ps + ¢ with p = 0,
v=r,w=s and k = —¢, and so, since the sufficiency demonstrated above allowed the choice

p =0, the condition is the same.

To solve the final equation, write the quartic in the second form:

7t — 423 + 1022 — 122+ 4 = (22 - 22 +3)2 -5 =0
SO
22 -22+3-V5=00r2>—22+3+vV5=0

SO

z=1+vV5—-2o0r1+jvVV/5+2.
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. b
4 For the base case you need to verify that ug, = —ugn—1 and ug,y1 = cug, when n = 1:
a
b
U] = a, Uz = b S0 U, = —Ugp—1 When n = 1;
a

ka—1b b
4 SO Ugp41 = Cug, When n =1, provided c =k — —.
a

U2
ug = —(kuy — ug) = ug
uy

. . b
For the induction step, assume that ug, = —ug,—1 and uo,41 = cus, when n = N then
a

2N +1
; (kugn — uan41)

u
U2N+2 =
= ugn+1{k — ¢) (by the induction hypothesis)

= gugNH (by the definition of c)
and

ON+2
5 (kuon41 — uan+2)

U
UIN+3 = o

b
= UN42 (k - —) (by what has just been shown)
a

= CU2N+2-

which completes the induction.

be be\" ! be\™ !
Hence ug, = —ugp_9=...= (—) ug=b| —
a a a
be be\ ™ be\™
and ug, 1 = —Ugp_3=...= | — uy=al|l —
a a a
. . . U U .b b
©) For u,, to be geometric requires i 2n+1; that is, — = c=k — — or ak = 2b;
U2n—1 U2n, a a

.. . . C ..
(ii) For u, to have period 2 requires ugn41 = ugn_1, but Ugny1 = cugy = —ugp_1, SO it is
a
cb
necessary that — = 1 or a? + b% = kab;
a
(iii) For u, to have period 4 requires ug,+3 = ug,_1 so, by the previous part, it is necessary

2
that (—C—b) =1 but cb # 1 (to avoid period 2) so cb = —1 or b — a? = kab.
a a a
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5 The point on the curve with the required gradient is given by

d -b
a—g:2a$+b:morm:m2a ,
with

m—b\? m—>b m? — b2
y=al—=) tol5 ) o=t

The equation of the tangent is therefore:

e (5 (5 eon (5

The curves have a common tangent with gradient m if and only if the equations of the tangents

to the two curves with gradient m are identical; that is, have the same intercept, so if and

Only if
(ﬂl_ bl)Z (”L b2)2
—_— =y - ——

Cc1 —
4(11 4(1,2

that is,
daiage] — agm? + 2a9bym — agb% = 4aqia9¢y — agm? + 2a1bym — alb%
which gives the quoted result.

There is exactly one common tangent when a; # as when the quadratic equation for m has

exactly one root, which occurs if and only if the discriminant of the equation is zero; that is
4(arby — agh1)? = 4(ag — a1)(4agaz(cy — ¢1) + agh? — a1b3)

& 4a%b§ — 8ajagbby + 4a2b? = 16a1a9(ag — a1)(cy — c1) + 4a3b? + 4a%b% —4aqaq (b% + b%)

= 4a1a2(b% + b%) — 8ajagbiby = 16ajaz(ag — a1)(eg — 1)

& b% + b% —2b1by = 4(ag — a1)(c2 —c1)  (dividing by 4ajag which is non-zero).

The curves touch if there is exactly one solution to the simultaneous equations

y= a1z® + b1z + ¢q and y = agx? + box + c9;
that is, if the equation (ag — a1)z? + (bg — b1 )z + (cz — ¢1) = 0 has exactly one root so, again
using the discriminant condition, if and only if (b — b1)2 = 4(ag — a1)(c2 — c1), which is the
same condition.

If a1 = ag the curves have exactly one common tangent if there is exactly one solution to
Qm(bg = bl) + 4a(02 e Cl) + (b% . b%) =0;

since this is just a linear equation, the only condition is that by — by # 0.
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T
6 Direct substitution of z = 2a cosh (§> into the left hand side of the equation gives

3 3
(2a cosh (g)) —6a3 cosh (%’:) = 24° (4 (cosh (%)) — 3cosh (%)) =203 cosh T

(by the first result given at the start of the question).

Let a? = b, which is possible since b > 0, and coshT = ;Cg, which requires a_c3 > 1; but this
6

. . c
holds if you choose a to have the same sign as c, since then — > 0 and > b =db.
a

Then, by the second result given at the start of the question,

2 2 _ 13
Teln|E 4% 1) o (EVe—? zgln@),
a3 a8 as a

so one of the roots of the equation z® — 3bz = 2¢ is

vLe
2a cosh (ln(%)) =2 & 0 c :u-{-%.

. b . .
Note that, since u + — is a root of the equation z3 — 3bzx = 2¢,
%

3 2
20=<U+é> —3b<U+2>=<u+é) (u2+b—2—b)
U U u u
and that

b2 b\?
u2+—2~b~<u+—> = —3b,
U u

3 b 2 b 2 b2
z°=3br—2c={z—(u+— 4+ {uvt=)z+u’+5-b),
u U u

SO

2
so the other two roots of z3 — 3bz = 2c¢ are the roots of 22 + (u+ E) z+ud+ b—g -b=0,
u U
which are
b b\? b2
(- e+ ) = (++2) _4<u2+7_b))
U u u

(- -4 o) -2,

b b
that is wu 4+ w?— and w?u + w.
U
b
Ina®—62=6,b=2,c=3,50a=+2andsou= \3/3+1:2§ and—:2%,sothesolutions
u

are 23 + 2§, w23 —I—w22§ and w223 +w2%.
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7 Substituting v = =™ gives
mdz mz™ ldx du
/xf(xm) zmf (z™) /uf(u) () +e (@) +¢

0 ez [

so letting u = 2"~ ! and f(u) =u — 1,

(n—l)da:_/ du _/ 1 .
/mn—z S Suw—-1) S u-1 Zdu_ln

u—l}

o dz 1 1 -1 +
= n .
-z n-1 zn—1 ¢
. dx / dz
ii = forz >0
(i) / Van + 2 V2 41 ( )

so letting u = 22 and f(u) = Vu + 1 (and assuming n # 2)
/ (n—2)dz du

Ver+z2 ) uvut1l

Substituting u = v2 — 1 with v > 0,

/ du _/ 2udv _/ 1 1 do =1 v—1
uvut+l J (02-Dv Jv—-1 wv+1 YEMLT
1 Var24+1-1

dz
SO = In +c
/\/x"+m2 n—2  |Vzr241+41

30



Step Il Hints and Answers June 2005

STEP Mathematics III 2005: Hints and Answers

8 Direct use of the important result |2|2 = zz* gives
la —c|? = (a - ¢)(a* = ¢*) = aa* + c¢* — ac* — ca*.

OAC is a right angle if and only if [AC|? + |OA[? = |OC%; that is, |a — ¢|? + |a|? = |¢|? or,

using the result above, 2aa* — ac* — ca* = 0.

The circle has centre C and radius AC, so complex numbers representing points on the circle
satisfy |z — ¢|? = |a — ¢|? or 22* — 2z¢* — c2* = aa* — ac* — ca*.
Because OA is a tangent to the circle, angle OAC is a right angle and so 2aa* — ac* —ca* = 0

as above; thus the condition for points to lie on the circle becomes zz* — z¢* — c2* + aa* = 0.
P lies on this circle if and only if
aba*b* — abc* — ca*b* + aa* =0

and P’ lies on the circle if and only if

aa* a *

A —b—*c*—cgb—-ﬂ-aa*:o

but multiplying this by bb* (which is not equal to zero) gives the same condition.
Conversely, if the points lie on the circle represented by |z — ¢|? = |a — ¢|?,

aba*b* — abc* — ca*b* + aa* = 2aa* — ac* — ca*

and
* *
aa a * a — * * *
o —;c —c?—Qaa —ac* —ca”,
so that

aba*b* — abc® — ca*b* + aa* = bb*(2aa* — ac* — ca*)

and so, provided bb* # 1, it must be the case that 2aa* — ac* — ca* = 0, and this shows that

OAC is a right angle and hence that OA is a tangent to the circle.

31



Step Il Hints and Answers June 2005

STEP Mathematics III 2005: Hints and Answers

Section B: Mechanics

9 Let the speeds of A and B after the first collision be u;, ug,

then conservation of momentum gives
deur + (1 — €)%up = 4e(1 — e)v — (1 — €)% - 2ev = 2ev(1 — €?)
and the restitution equation gives
ug —ug = (1 —e)v+ 2ev = e(1 + e)uv.
To find u;, multiply the second equation by (1 — e)? and subtract it from the first:

ev —82 - —626 e)v ev *62

To find ug, multiply the second equation by 4e and add it to the first:

2ev(l —€?) +4e?(1+e)v  2ev(l+e)
u2 = &
de+ (1 —¢€)? (1+e)?

((1 —e) + 2e) = 2ev.

After B strikes the vertical wall, it rebounds with speed 2e?v, so if z is the distance from the

wall at which the second collision occurs, the total time between collisions is

d—zx d T

e(l—ev 2w t 2y

so that 2e(d — z) = (1 — e)(ed + z) or = = ed.
Note that the situation is now that given initially, with all distances and speeds scaled by e.
Thus the nth collision occurs a distance de®! from the wall, and the speed of A between the

n'® and the (n + 1)*® collisions is (1 — e)ve™, so the time between collisions is

de™! — de™ d

(1-ever  ev’

which is independent of n.
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When the discs are a distance 2z apart, their centres are 2(z + ) apart and the length of the
band is 4(z + r) + 2nr. Therefore the tension in the band is

., (Tmg 49:+4r_@g
T(z)~2( 12 ) 2 6r (@+7),

and hence the force on each disc is F(z) = 2T(z) = 7%‘(1 (z + 7); the elastic potential energy

stored in the band is

wmg) (4z + 4r)?

E(w):%( 12 :%(””2‘

2mr

(1) The maximum frictional resistance to the motion of a disc is wmg, so for the disc to
start sliding requires F'(2r) > pumg, that is 1 > p. For the disc then to come to rest
before a collision occurs, the elastic energy released by the band as z decreases from 2r
to 0 must be insufficient to do the work against friction required to bring the discs into
contact. This required work is 2rumg for each disc, so 4rumg in total, so the condition
you need is E(2r) — E(0) < 4rumg; that is 4rp > 3r — 3T oK > %

(i) By the argument in (i), E(2r) = E(0) + K + 4rumg, where K is the kinetic energy just

before collision, so
1 8
K =3rmg— g'rmg — 4dpurmg = mgr 3~ au .

(i)  Notice first that for the discs to come to rest after the first collision, it is necessary that
the discs collide, so p? < %, by part (i).
In order that the discs do not begin to move again, once they have come to rest for the
first time after collision, each must come to rest at a point where F(z) < pmg, that is
z < (Bu—-1r.
The value of z at which the particles do come to rest is given by the requirement that
the loss in elastic and kinetic energy from the point of collision to the point where the
discs are 2z apart is equal to the work done against friction on both particles in moving
from 0 to 2z separation, that is E(0) + %K — E(z) = 2zpumg or

mgr 4 mg 2
=— + -=2u)—-—(z+ =
0 3 mgr <3 ,u) 3 (x+71)° —2zp
mgr 4 mg 2
il Z_ . -9 -
> 3 + mgr <3 2u) 3 (3p) mgp(3u — 1)r

using the inequality on z, so
0> = (5 - 274?)

0rp2>%.
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The energy of the system is the sum of the gravitational potential energy (GPE) and the
kinetic energy (KE), with KE = %m (a2 +02+ 02) 62 and, taking the zero of GPE to be at
the height of the spindle,

GPE =myg (acosﬂ—bcos (g —0) — ccos (%r +6)>

= img ((2a —b—c) cosf — (b— c)V/3sinb)

T T
simplifying using the cos(A4 £+ B) identities and the exact values of sin 3 and cos 3

Equilibrium occurs at a stationary point of the GPE:

% =1mg(—(2a—b—c)sinf — (b—c)V3cosd) =0

or when the total moment about the spindle of the gravitational forces on the particles is zero:

mg (asinﬂ + bsin (g - 0) — csin (g +6)) =0

which simplifies to the same equation using the sin(A + B) identities.

This equation is satisfied if
(b—c)V3
2a—b—c

which has two solutions between 0 and 27 unless @ = b = ¢ = 0. It is useful to realise here that

in@
&—tanez <0

cos @

tanf = —g = sinf = $§— and cosf = :i:%, where h is the positive number with h? = p? 4 ¢2.

b— 3 —b—
In this case, sinf == 7% and cosf = (2(12#2 give one equilibrium and sinf =
(b—c)V3 _ (2a-b-0¢)
SR and cosf = R the other, where
1 1

R? = 7 (2a—b—c)* +3(c—b)%) = 5((a—b)2+(b~c)2+(c—a)2)
The equilibrium is stable at a minimum of the GPE and unstable at a maximum. Since

d’GPE

=T 5mMmyg (—(2a —~b—c)cosh+ (b— c)\/?';sinH) .

the first equilibrium position given above is unstable and the second is stable.

For the system to make complete revolutions, you need the KE at the point with maximum
GPE to be greater than zero: that is, the difference in GPE between the two equilibria (which
is twice the maximum GPE) is less than the KE at the point with minimum GPE.

If w = angular velocity at stable equilibrium, you therefore require

%m(a2+b2+c2)w2>mg ((Qa—b—c)m%c—)+(c—b)\/§(c_2;)\/§)

2

4R
That is, (02 + 0%+ 02) w?>2g <§%—> =4gR.
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Section C: Probability and Statistics

If X =aT + b(Ty + To + T3 + T4) then
E[X] = at + b(t; +t2 + t3 +t4) = (a +d)t,

since t; + to + t3 + t4 = t, by definition. You require E[X] = ¢ which givesa +b = 1.
Var[X] = a?Var[T] + b*Var[T1] + b*Var(Ty] + b*Var[Ts] + b*Var[Ty),

assuming the errors made by the five timers are independent,

2
= (a? +4b%)o? = (a®> + 4(1 - a)?)o? = (502 — 8a + 4)0? = (5 (a - %) + %) o?

which has a minimum value of %02 when a = %; that is, when X = %(4T+ (Th +To+ T3+ Ty)).

Rearranging the identity Var[Y] = E[Y'?] — E[Y)? gives E[Y?] = Var[Y] + E[Y]?,
soif Y = T + d(Ty + To + T3 + T4) then

E[Y?] = (c® + 4d®)0? + (ct + d(ts + t2 + t3 + ta))? = (¢ + 4d*)o? + (c + d)*¢,
which is equal to o2 regardless of the true lap times if ¢ +d = 0 and 1 = % + 4d? = 5¢2,

so that ¢ = —% and Y2 = é(T — (T + T2+ T +Ty))2

The timers could reasonably expect the true time for the race to lie within &k estimated standard

errors of the estimated value where, for instance, k = 2 or 3; so between

LAT + (T + To+ Ts + To)) + k\/§ x LT = (Ty + Ty + Ts + Ta))?

and

LT+ (M + T+ T+ T) = by /A x T - (T + T+ T + T)

k k
that is, between 220.1 + 3 and 220.1 — £ For k = 2, this is the interval [219-7, 220-5].
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13 The probability that the player wins exactly £3 is equal to the probability that the next 3
scores which lie in the range 0 to w are non zero, and the fourth score which lies in the range
0 to w is zero as the occurrence of outcomes which lead to the game continuing does not affect
the final result.

5
w+1> w—-i-l
1
w+1

Hence the probability that the player wins exactly £3 is equal to (

and so his expected

T
Similarly, the probability that he wins exactly £r is (—rﬁl—>
w

winnings are

0 T 00 r—1
, w 1 _ w Z"’ w _ w 1 —w
w+1l) w+1l (w+1)2 w+1 (w+1)2<1 w )2 '

r=0 r=1 -
w+ 1

o o0
1
This calculation uses the result err_l = err_l = W, which you may know, or
=1 =0
0”(‘) dr oo o0
can be derived by noticing that Z rpT = — (Z pT) and that Z p’ =
P r=0 r=0

1
1—-p

, Tecognising
r=0
an infinite geometric series.

In a second game, consider the cards set out in the order in which they will be drawn. Then

only w+1 cards are relevant, and the zero card is equally likely to be any of these, so that the

probability that he wins exactly £7 is (forr =1,2,...w) and so his expected winnings

w+1
are now
w w
1 1 1
= = . 1) = L.
grw—kl w—l—lrzz:or w+12w(w+) ¥
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The integral of the density function from 0 to infinity must equal 1:

© Cgotlge a!(2a — a)!
1= —— —dr=Ck*t L
/0 (z + ky2et2 °F (2a + 1)lk2a-at1’

using the given result with m = a and n = 2a

ala! (2a 4+ 1)!

(2a+1)! 5 ala!

2
Use the substitution z = —:
u

eﬁ'\,

k% —k2du

v I[L d o ua
/0 @+ ke 07 Bk 2at2 g2 /ﬁ (u+ k)22 d

k [+
Choosing v = k gives / f(z)dz = / f(z) dz, so k is the median, and
0 k

o0 a+1 .a+1 | ' 3 |
E[V]:/ Okt 2t o Rat Doy (at+Dlfa 1)‘=k<‘1+1>.
0 a

(z + k)22 T Taral (20 + 1)l k=

Notice that T < t if and only if V' > ; so that

s ® Ckotlge
P(T<t)—P(V>E)_/% de

and making the substitution z =

_/0 C koetlga —sdu_/
- 2a+2 2
t (ks U 0
v (; (z”))

t Cu® (2){”1 .

k

U

sya+l
ol(z)
Y \k
S 2a+2°
(5+4)
This means that the median time is % and that the expected time is % (2+—1) and hence
a

so the density function is which is the same as that of V with k replaced by %

a+1

2
median velocity x median time = s, but E[V]E[T] = s ( ) , which is greater than s.

37




